We nd an explicit solution in Shimura's conjecture for Sp 3 (1963). The existence of the solution was establised for any genus n by A.N. Andrianov. We develop formulas for the Satake spherical maps for Sp n and Gl n .
A classical method to produce L-functions for an algebraic group G over Q uses the generating series
of the eigenvalues of Hecke operators on an automorphic form f on G. We study the generating series of Hecke operators T(n) for the symplectic group Sp N , when N = 3, and λ f (n) = λ f (T(n)). 
if N = 1 (see [Hecke] , and [Shi71] , Theorem 3.21),
2 X 4 if N = 2 (see [Sh] , Theorem 2), where T(p), T i (p 2 ) (i = 1, · · · , N ) are the N + 1 generators of the corresponding Hecke ring over Z for the symplectic group Sp N , in particular, T N (p 2 ) = [p] N .
In the present paper we treat explicitly the case N = 3, and we nd the polynomials E(X) and F (X) in X of degree 6 and 8 such that D p (X) = E(X)/F (X), through the generators T(p), T 1 (p 2 ), T 2 (p 2 ), [p] 3 of the Hecke ring (Theorems 1.1 and 2.1). It is for the rst time that these explicit polynomials are obtained for genus N > 2.
The explicit knowledge of the sum of the generating series of Hecke operators
gives a relation between the Hecke eigenvalues and the Fourier coecients of a Hecke eigenform f . This link is needed for constructing an analytic continuation of L-function on Sp N , which was done by A.N.Andrianov in the case N = 2, see [An74] . An approach for constructing an analytic continuation of the spinor L-function on Sp 3 was indicated at the talk of the rst author, see [PaGRFA] .
Our result is based on the use of the Satake spherical map Ω (see Section 3 for details). We obtain the following formula for the polynomial P (v) = Ω(E(v)):
(see also [PaVa] ). The case N = 4 was treated by K.Vankov in [VaSp4] .
In this formula the notation sym i 1 ,i 2 ,i 3 represents the symmetric polynomial of three variables x 1 , x 2 and x 3 constructed in the following way: 3 ) so that all coecients are equal to 1 and i 1 ≥ i 2 ≥ i 3 ≥ 0. The total degree of the polynomial is i 1 + i 2 + i 3 . Here S n = S 3 is the symmetric group that acts naturally on polynomials in n variables, where n = 3 in our case. For example sym 0,0,0 = 1 Many computations presented in this article were performed using Maple 9.50 (IBM INTEL NT). Symmetric polynomials sym i 1 i 2 i 3 (up to total degree 9) were computed
where M runs through the following integral matrices
Let us use the notation 
Then their images by the spherical map Ω are given at p.159 of [An87] :
Here
is the ith elementary symmetric polynomial (dierent then previously dened sym i 1 ,i 2 ,i 3 ),
 is a Hecke operator for GL n , and the coecient sm p (r, a) denotes the number of symmetric matrices of rank r and order a over the eld F p . This coecient is evaluated at p.205 of [An87] :
with φ r (x) = (x − 1)(x 2 − 1)·. . .·(x r − 1) for r ≥ 1, and φ 0 (x) = 1.
In particular, we have in the case n = 3 that
,
because of the equality (11) with a = 3, r = 1 implying sm p (1, 3) = (p − 1)(p 2 + p + 1). Consider the polynomial Q 3 (v) dening the spinor zeta function Z(s) of genus three:
Following the proof at p.159 of [An87] , there exist Hecke operators 
It was established by A.N.Andrianov, that there exist polynomials
with the above polynomial Q n (v) = 2 n j=0 q j v j of degree 2 n , and such that P n (v) = 2 n −2 j=0 u j v j is a polynomial of degree 2 n − 2 with the leading term
(as stated in Theorem 6 at p. 451 of [An70] and at p.61 of 1.3, [An74] ). In the following theorem we denote by
Theorem 1.1 If n = 3, there is the following explicit polynomial presentation:
where In general, it is plausible that D p (X) = E(X)/F (X) with polynomials E(X) and F (X) in X with integral coecients of degree 2 n − 2 and 2 n , respectively (i.e. with coecients in
Theorem 2.1 If n = 3, one has the following explicit polynomial presentation:
where P 3 (v) is given by (17), and
Remark 2.2 (a) In the case n = 2 Shimura proved ( [Sh] , Theorem 2) that
(b) For the group G = GL n it was proved by T.Tamagawa [Tam] that for all n
(see in [Shi71] , Theorem 3.21).
Proof of Theorem 2.1 follows the same lines as that of Theorem 1.1. We compute an expression for Ω(Q 3 (v)) in terms of sym i 1 ,i 2 ,i 3 :
0 (4 sym 1, 1, 1 + sym 1, 0, 0 + 2 sym 2, 1, 1 + 2 sym 1, 1, 0 + sym 2, 1, 0 + sym 2, 2, 1 ) v 2 − − x 3 0 (sym 3, 1, 1 + sym 1, 1, 0 + 4 sym 2, 2, 1 + 4 sym 1, 1, 1 + sym 2, 1, 0 + sym 2, 2, 0 + 4 sym 2, 2, 2 + sym 3, 2, 2 + sym 3, 2, 1 + 4 sym 2, 1, 1 )v 3 + x 4 0 (sym 3, 1, 1 + sym 1, 1, 1 + sym 3, 3, 1 + sym 4, 2, 2 + 2 sym 2, 1, 1 + 4 sym 3, 2, 2 + 2 sym 3, 2, 1 + sym 2, 2, 0 + 8 sym 2, 2, 2 
It is not too dicult to resolve the resulting equations in the indeterminate coecients:
Then we nd the remaining coecients q 5 , q 6 , q 7 using the functional equation 
This identity for formal generating series of elements of Hecke ring allows to reduce computations in the local Hecke rins of the symplectic group to computations in polynomial rings by applying the spherical map Ω to elements T(p δ ) = T n (p δ ) ∈ L n p (q) of Hecke ring for the symplectic group or spherical map ω to elements t( 
. . , p)) with 1 on the diagonal listed (n − i) times and then p listed i times (1 ≤ i ≤ n) the images elements under the map ω = ω n p are given by the formulas
where
is the ith elementary symmetric polynomial (dierent then previously dened sym i 1 ,i 2 ,i 3 ).
For an arbitrary element t the map is dened by
Examples of computation for cases n = 1 and n = 2 are given in [Sh] , at page 824, and in the book [AnZh95] , at page 150:
In this paper we consider n = 3. Acting analogously to the case n = 2 let
Here P 3 (v) denotes a polynomial of degree 6 as stated in the Theorem 6 (page 451) of [An70] . This rational polynomial presentation is proved in [An69] for Hecke series and ζ-functions of the groups GL n and SP n over local elds. Further theory and applications were developed for genus 2 in the work [An74] .
It follows that
and our main result follows from the explicit computation of the coecients ω(t(1, p δ 1 , p δ 2 ))
given in the next section.
4
A computation for the images of the Hecke operators under the spherical map
The formula for P 3 is obtained using the following computation for the images ω(t(1, p λ 2 , p λ 3 )) of the Hecke operators under the spherical map for the group Λ = GL 3 (Z). Note that the notation Ω used in the article [An70] corresponds to ω in our formulas by the substitution of x 1 by x 1 /p, x 2 by x 2 /p and x 3 by x 3 /p. We used formula (1.7) for Ω at page 432 of [An70] and adopted it for ω. In the notations of that article we have that W is the group S n = S 3 , the set Σ = {(1, −1, 0), (1, 0, −1), (0, 1, −1)}, q = p and λ = (0, δ 1 , δ 2 ). The expression for the polynomial c(x) from [An70] takes the following form c(x 1 , x 2 , x 3 ) = (x 2 − x 1 /p)(x 3 − x 1 /p)(x 3 − x 2 /p) (x 2 − x 1 )(x 3 − x 1 )(x 3 − x 2 ) .
In the case of n = 3 we have 28 dierent possibilities for ω(t(1, p λ 2 , p λ 3 )), which we only need in order to compute the polynomial P 3 (v) of degree 6: 1) ω(t(1, 1, 1)) = 1, 2) ω(t(1, 1, p)) = sym 1,0,0 p 
